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Abstract. In this work, we present a modeling framework for minimax mixed 0-1
fuzzy linear problems. It is based on extending the usual rewriting of crisp minimax
problems via auxiliary variables to model the maximum of a finite set of fuzzy linear
functions. We establish that the considered problem can be equivalently formulated as
a multiple objective mixed integer programming problem. The framework is applied
to a fully fuzzy version of the capacitated center facility location problem.
1. Introduction
Minimax optimization is a widely studied modeling strategy in Decision Theory that
has been applied in many different fields. Minimax decision strategies are desirable
when the decision maker is risk-averse or when the average cost is less important than
ensuring smaller maximum costs. One of the most popular results involving minimax
decisions is the one due to Von Neumann [47] in which is stated that one can find Nash
Equilibria in Zero-Sum games using minimax optimization. That result is considered as
the cornerstone of the developments performed in Non Cooperative Game Theory in the
last decades. Several applications of minimax optimization can be found in the literature:
facility location [19, 44], transportation [2], flow [12], scheduling [21], resource allocation
[30], portfolio selection [48] only to mention a few. In general, minimax optimization
problems, although its objective function is not linear, but piecewise linear, it can be
rewritten as a problem with the similar shape of the original one but when instead of
minimizing the maximum operator of a finite set of functions, one only need to minimize
a linear objective function after adding to the problem some extra constraints and a
new auxiliary variable. Hence, the complexity of the problem is inherited to minmax
problems. In particular, minimax mixed integer linear programming is NP-hard as its
minisum version, but polynomially solvable when the number of integer variables is fixed
[39].
In this paper, we analyze minimax mixed integer linear programming problems in
which some kind of imprecision is assumed to the parameters of the models and also
to the decision variables. Such an imprecision is modeled by considering that the pa-
rameters and variables are fuzzy numbers. Decision making under a fuzzy environment
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was introduced by Bellman and Zadeh [6] in the seventies. Such an approach is well-
known and has been adopted by researchers in fuzzy optimization problems (see e.g.,
[10, 1, 11, 32, 33, 18, 41, 42, 16]). However, it is usual that not all the elements of a fuzzy
linear problem are fuzzy sets (see [26, 27, 28, 29]). In [40], the authors point out that
there is no general method for finding the fuzzy optimal solution of fully fuzzy linear
programming (FFLP) problems, and proposed a new method for solving FFLP problems
with equality constraints when the parameters and variables are assumed to be symmet-
ric fuzzy numbers. However, in [37] the method proposed in [40] is criticized because its
complexity and the authors claimed out that the obtained solutions are approximated,
but not exact. A new method for finding the fuzzy optimal solution of (FFLP) problems
with equality constraints, with triangular fuzzy numbers involved, although they use
ranking function (see [4], and the references there in) to compare the objective function
values. In this way, Khan et al. [34] deal with (FFLP) with inequalities, and they also
compare the objective function values via ranking functions (see also [8, 35]). Das and
Go¨c¸ken [13] apply a ranking method for the reviewer assignment problem. Concerning
the complexity, FFLP is NP-hard, since its crisp version is. However, in [9] it is proved
that if the fuzzy numbers involved in the problem are totally described by a finite rank-
ing system, certain encoding of the solutions can be found in polynomial-time when
the number of integer variables is fixed, and the solutions can be enumerated using a
polynomial delay algorithm.
Here, we analyze fully fuzzy versions of minimax mixed integer linear programming
problems. As mentioned above, the crisp version of the problem can be easily formulated
as another mixed integer programming by identifying the maximum of a finite set of ob-
jective function with a new auxiliary variable and adequately representing it in the set of
constraints. Nevertheless, in a fuzzy environment, each objective to be considered in the
minimax approach is itself a fuzzy number. Hence, one needs a suitable representation
of the maximum of a finite set of fuzzy sets to replicate the crisp strategy. We introduce
the notion of minimal upper bound of a set of fuzzy numbers, and prove some structural
properties about it. This notion allows us to extend the classical minimax optimization
problems to their fuzzy counterpart.
The paper is organized as follows. In Section 2 some notation and preliminary results
are stated. Section 3 is devoted to the analysis of fully fuzzy minimax mixed integer
programming problems. There, we present two different fuzzy optimization models for
the problem and we prove the equivalence between them. In Section 4, the problem
is equivalently reformulated as a three-objective mixed integer programming problem.
In Section 5 we apply the framework to a well known problem in Location Analysis,
the center capacitated facility location problem. Finally, in Section 6 we draw some
conclusions of the paper.
2. Preliminaries and Notation
In this section we introduce the notation used through the rest of the paper. We also
recall here some preliminary results on fuzzy sets that will be useful in our development.
A fuzzy set defined on Rn is a mapping (also known as the membership function)
µ : Rn → [0, 1], which for any x ∈ Rn, represent the degree of truth of being such a
value. For each fuzzy set µ, we denote its α-level set by [µ]α = {x ∈ Rn | µ(x) ≥ α} for
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any α ∈ [0, 1]. The support of µ is defined as supp(u) = {x ∈ Rn | µ(x) > 0}. Observe
that the closure of supp(µ) defines the 0-level set of µ, .i.e. [µ]0 = cl(supp(µ)) where
here cl(M) stands for the closure of the subset M ⊂ Rn. Fuzzy numbers are particular
fuzzy sets defined over R (see [14, 15]).
Definition 1. A fuzzy set µ on R is said to be a fuzzy number if the following properties
are verified:
(1) There exists x0 ∈ R such that µ(x0) = 1,
(2) µ is an upper semi-continuous function,
(3) µ(λx+ (1− λ)y) ≥ min{µ(x), µ(y)}, for all x, y ∈ R and λ ∈ [0, 1], and
(4) [µ]0 is compact.
Let F denote the family of all fuzzy numbers and let K denote the family of all
bounded closed intervals in R, i.e.,
K = {[a, a] | a, a ∈ R and a ≤ a} ,
It is clear that for any µ ∈ F, its level sets [µ]α ∈ K for all α ∈ [0, 1]. Then, [µ]α =[
µ
α
, µα
]
, µ
α
, µα ∈ R for all α ∈ [0, 1].
There are many parametrical families of fuzzy numbers that have been applied to
measure imprecision in several situations. Among the most popular one can find the
L-R, trapezoidal, triangular, gaussian, quasi-gaussian, quasi-quadric, exponential, quasi-
exponential, and singleton fuzzy numbers (see [24] for a complete description of these
families). One of the most used families of fuzzy numbers, because of its easy modeling
and interpretation, are triangular fuzzy numbers (see, for instance, [14, 15, 31, 34, 40,
46]).
Definition 2. A fuzzy number µ is said a triangular fuzzy number if there exist µ−, µˆ,
µ+ ∈ R with µ− < µˆ < µ+, such that:
µ(x) =


x− µ−
µˆ− µ−
if µ− ≤ x ≤ µˆ,
µ+ − x
µ+ − µˆ
if µˆ < x ≤ µ+,
0 otherwise.
In such a case µ is denoted as the triplet (µ−, µˆ, µ+).
The set of triangular fuzzy numbers will be denoted as T. Abusing of notation, the
degenerated case in which µ− = µˆ = µ+ ∈ R, i.e.:
(µˆ, µˆ, µˆ) ≡ µ(x) =
{
1 if x = µˆ,
0 otherwise.
is also considered a triangular fuzzy number which is identified with the crisp number
µˆ. In particular, 0˜ = (0, 0, 0) will allow to model the nonnegativity of a triangular fuzzy
number.
In Figure 1 we show the shape of a triangular fuzzy number.
Note that given a triangular fuzzy number µ ≡ (µ−, µˆ, µ+), its α-levels have the
following shape:
[µ]α = [µ− + (µˆ− µ−)α, µ+ − (µ+ − µˆ)α], for all α ∈ [0, 1].
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Figure 1. Graph of the triangular fuzzy number (µ−, µˆ, µ+).
Thus, it is not difficult to see that this shape of α-levels sets completely characterizes
triangular fuzzy numbers (see [20]).
Given a fuzzy number µ = (µ, µ), we say that µ is a nonnegative fuzzy number if
µ
0
≥ 0. Hence, a nonnegative triangular fuzzy number (µ−, µˆ, µ+) is characterized by
µ− ≥ 0. The set of nonnegative fuzzy numbers is denoted by T≥0.
Interval arithmetic extend to fuzzy numbers. Let µ, ν ∈ F represented by their level
sets
[
µ
α
, µα
]
and [να, να], respectively. Let λ ∈ R, then the addition µ + ν and scalar
multiplication λν are defined as follows:
(µ+ ν)(x) = sup
y+z=x
min{µ(y), ν(z)}, (λµ)(x) =
{
µ
(
x
λ
)
, if λ 6= 0,
0, if λ = 0.
Which, in terms of the α-level sets it is equivalent to ,
(1) [µ+ ν]α =
[
(µ+ ν)α, (µ + ν)α
]
=
[
µ
α
+ να , µα + να
]
and
(2) [λµ]α =
[
(λµ)α, (λµ)α
]
=
[
min{λµ
α
, λµα},max{λµα, λµα}
]
.
for all α ∈ [0, 1].
The above operations on general fuzzy numbers are particularized to triangular fuzzy
number in the following lemma whose proof is straightforward.
Lemma 1. Let µ˜ = (µ−, µˆ, µ+) and ν˜ = (ν−, νˆ, ν+) two triangular fuzzy numbers and
λ ∈ R. Then:
(i) µ˜+ ν˜ = (µ− + ν−, µˆ + νˆ, µ+ + ν+).
(ii) λµ˜ =
{
(λµ−, λµˆ, λµ+) if λ ≥ 0,
(λµ+, λµˆ, λµ−) if λ < 0.
.
(iii) If ν˜ is a nonnegative triangular fuzzy number, then
(3) µ˜ν˜ =


(µ−ν−, µˆνˆ, µ+ν+) if µ− ≥ 0,
(µ−ν+, µˆνˆ, µ+ν+) if µ− < 0, µ+ ≥ 0,
(µ−ν+, µˆνˆ, µ+ν−) if µ+ < 0.
In Figure 2 we illustrate the results of the above operations with triangular fuzzy
numbers.
In order to compare two fuzzy numbers, there exist several definitions, extending
binary relations on intervals (see [22]). In this regard, given µ, ν ∈ F, we write their
α-levels as µα = [µα, µα] ∈ K and να = [να, να] ∈ K, respectively, for all α ∈ [0, 1].
Definition 3. Given u, v ∈ F, we say that:
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Figure 2. Operations of triangular fuzzy numbers.
(i) µ / ν if and only if µ
α
≤ να and µα ≤ να, for all α ∈ [0, 1],
(ii) µ ≺ ν if and only if µ
α
< να and µα < να, for all α ∈ [0, 1],
(iii) µ  ν if and only if µ / ν and µ 6= ν.
Checking whether any of the above binary relations is verified for a pair of triangular
fuzzy numbers, can be done using only the extreme points of the two fuzzy numbers, as
stated in the following result.
Theorem 1. Given two triangular fuzzy numbers µ˜ = (µ−, µˆ, µ+) and ν˜ = (ν−, νˆ, ν+),
it follows that
(i) µ˜ ≺ ν˜ if and only if µ− < ν−, µˆ < νˆ and µ+ < ν+.
(ii) µ˜ / ν˜ if and only if µ− ≤ ν−, µˆ ≤ vˆ and µ+ ≤ v+.
(iii) µ˜  ν˜ if and only if µ− ≤ ν−, µˆ ≤ νˆ and µ+ ≤ ν+, where some inequality is
strict.
Proof. (i) First, we suppose that µ˜ ≺ ν˜. The α-level sets are:
[µ˜]α = [µ− + (µˆ− µ−)α, µ+ − (µ+ − µˆ)α] and [ν˜]α = [ν− + (νˆ − ν−)α, ν+ − (ν+ − νˆ)α]
for all α ∈ [0, 1]. Then, by Definition 3, we get that µ˜
α
< ν˜α and µ˜α < ν˜α, for all
α ∈ [0, 1], i.e.,
µ− + (µˆ− µ−)α < ν− + (νˆ − ν−)α and µ+ − (µ+ − µˆ)α < ν+ − (ν+ − νˆ)α,
for all α ∈ [0, 1]. Hence, for α = 0, we get that µ− < ν− and µ+ < ν+, and for α = 1,
that µˆ < νˆ.
Conversely, let us suppose that µ− < ν−, µˆ < νˆ and µ+ < v+. Let us check whether
the conditions µ˜
α
< ν˜α and µ˜α < ν˜α are verified for any α ∈ [0, 1]. Let α ∈ [0, 1]. By
hypothesis we have that:
(1− α)µ− < (1− α)v− and µˆα < νˆα.
Combining these two inequalities, we have that
(1− α)µ− + µˆα < (1− α)ν− + νˆα.
On the other hand, we also have that (1 − α)µ+ < (1 − α)ν+ and µˆα < νˆα, implying
that that (1 − α)µ+ + µˆα < (1 − α)ν+ + νˆα,. Therefore, µ˜α < ν˜α. Thus, µ˜ ≺ ν˜. The
proofs of (ii) and (iii) is similar to (i) and are left for the reader. 
Finally, we are interested in suitable representations of the maximum of a finite set
of triangular fuzzy numbers. Several definitions have been proposed in the literature,
the most popular being the maximum approximation concept [43, 25], in which the
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maximum of the finite set of triangular fuzzy numbers {a˜1, a˜2, . . . , a˜r} is given by the
following triangular fuzzy number:
(4)
max{a˜1, a˜2, . . . , a˜r} = (max{a
−
1 , a
−
2 , . . . , a
−
r },max{aˆ1, aˆ2, . . . , aˆr},max{a
+
1 , a
+
2 , . . . , a
+
r }).
One of the main critics to this definition is that the maximum of a finite set of triangular
fuzzy numbers is not always an element of the set of triangular fuzzy numbers. However,
we have the following relationship whose proof is straightforward from Theorem 1 and
(4).
Proposition 1. Given the fuzzy triangular numbers a˜1, a˜2, . . . , a˜r, with r ∈ N, if there
exist i0 ∈ {1, . . . , r} such that a˜i / a˜i0 , for all i ∈ {1, . . . , r}, then
max {a˜1, a˜2, . . . , a˜r} = a˜i0 .
Definition 4. We say that a fuzzy number µ˜ is an upper bound for a finite set of fuzzy
numbers, S, if s˜ / µ˜ for all s˜ ∈ S. The set of upper bounds for S will be denoted by
U(S)
In case that S is a finite set of triangular fuzzy numbers, the following result states
that U(S) 6= ∅.
Proposition 2. Let S = {a˜1, a˜2, . . . , a˜r} a finite set of triangular fuzzy numbers and let
Θ(S) = max{a˜1, a˜2, . . . , a˜r}. Then:
(1) Θ(S) ∈ U(S), and
(2) Θ(S) is the unique /-minimal element of U(S), that is, there not exists µ˜ ∈
U(S)\{Θ(S)} such that µ˜ / Θ(S).
Proof. Theorem 1 and (4) imply that s˜ / Θ(S) for all s˜ ∈ S. Hence, Θ(S) = (Θ(S)−, Θ̂(S),Θ(S)+) ∈
U(S). Assume now that there exists µ˜ an upper bound for the set S such that µ˜  Θ(S),
that is, µ˜ / Θ(S) and either µ− < Θ(S)− or µˆ− < Θ̂(S) or µ+ < Θ(S)+. Without loss
of generality, let us suppose that µ− < Θ(S)− = max{a−1 , a
−
2 , . . . , a
−
r } (the remain-
der cases can be similarly analyzed). Since µ˜ is an upper bound of S, we get that
max{a−1 , a
−
2 , . . . , a
−
r } ≤ µ
−, contradicting the definition of µ˜. Thus, Θ(S) a minimal
upper bound for the set S.
Let us assume now that there exists ν˜ = (ν−, νˆ, ν+) ∈ U(S)\{Θ(S)} such that there
not exists µ˜ ∈ U(S)\{ν˜} such that µ˜ / ν˜. In particular, take µ˜ = Θ(S). Since ν˜ ∈ U(S),
by Theorem 1 it follows that(
max{a−1 , a
−
2 , . . . , a
−
r },max{aˆ1, aˆ2, . . . , aˆr},max{a
+
1 , a
+
2 , . . . , a
+
r }
)
/ ν˜,
what implies that Θ(S) / ν˜. Since ν˜ 6= Θ(S), we get that Θ(S)  ν˜, so ν˜ is not a
minimal upper bound for S. 
From the above result, given a finite set of triangular fuzzy numbers, S = {a˜1, a˜2, . . . , a˜r},
the triangular fuzzy number Θ(S) is called the minimal upper bound of S, and is defined
as the triplet:
(5) Θ(S) =
(
max{a−1 , a
−
2 , . . . , a
−
r },max{aˆ1, aˆ2, . . . , aˆr},max{a
+
1 , a
+
2 , . . . , a
+
r }
)
.
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Observe that in case a˜i are degenerated fuzzy numbers, i.e., a˜i ≡ (ai, ai, ai) for all
i = 1, . . . , r, Θ({a˜1, a˜2, . . . , a˜r}) coincides with the crisp number max{a1, . . . , ar}. Thus,
the minimal upper bound naturally extends the notion of maximum of a finite set of real
numbers.
3. Minimax fully fuzzy linear programming problem
In this section we present a fuzzy version of minimax mixed linear integer optimization
problems, in which the notion of minimal upper bound, defined in the previous section,
is involved.
Recall that a minimax mixed linear integer programming problem consists of the
following optimization problem:
minmax{ct1x, . . . , c
t
rx}(6)
s.t. Ax
(
≤
=
)
b,(7)
xi ≥ 0,∀i ∈ N,(8)
xi ∈ {0, 1},∀i ∈ Z.(9)
where A ∈ Rm×n and b ∈ Rn. The sets of indices N,Z ⊆ {1, . . . , n} indicate which
variables are assumed to be nonnegative (N) or binary (B). Here,
(
≤
=
)
stands for the an
element in {≤,=}m indicating if the corresponding constraint is in inequality or equation
form. Several applications of minimax optimization can be found in the literature:
facility location [19, 44], transportation [2], flow [12], scheduling [21], resource allocation
[30], portfolio selection [48] only to mention a few.
It is usual, to solve minimax problems as the above by rewriting the problem as an
standard mixed integer linear programming problem by adding a new auxiliary variable
θ represent max{ct1x, . . . , c
t
rx}. Then, (6)-(9) is equivalent to:
min θ(10)
s.t. ctjx ≤ θ,∀j = 1, . . . , r,(11)
Ax
(
≤
=
)
b,(12)
α ∈ R,(13)
xi ≥ 0,∀i ∈ N,(14)
xi ∈ {0, 1},∀i ∈ Z.(15)
In what follows, we consider a fuzzy version of (6)–(9) in which the parameters in the
objective functions and constraints, as well as the nonnegative variables involved in the
problem are triangular fuzzy numbers.
Let us now consider A˜ = (a˜ij) ∈ T
m×n, b˜ = (b˜1, . . . , b˜m) ∈ T
m and c˜ = (c˜1, . . . , c˜r) ∈
T
r. The minimax fully fuzzy linear programming (MFFLP) problem is formulated as
follows:
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min Θ({c˜t1x˜, . . . , c˜
t
rx˜})(MMFFLP)
s.t. A˜x˜
(

=
)
b˜,(16)
x˜i ∈ T≥0.,∀i ∈ N,(17)
x˜i ≡ (xi, xi, xi) ∈ {0, 1},∀i ∈ Z.(18)
where Θ({c˜t1x, . . . , c˜
t
rx}) is the minimal upper bound operator defined in (5).
Note that apart from the fuzzyfication of the parameters in (6)–(9), the crisp and
the fuzzy minimax problems also differ in the binary relation in the constraints and the
objective function. In case of the constraints the ≤ relation is substituted by the binary
relation  between fuzzy while in the objective function, the maximum operator turns
into the minimal upper bound operator of fuzzy numbers.
Based on the relationships introduced in Definition 3, we propose the following concept
of nondominated solution for the considered problem (MMFFLP).
Definition 5. Let x˜∗ be a feasible solution for (MMFFLP). We say that x˜∗ is fuzzy
optimal solution of (MMFFLP) if there not exist a feasible solution x˜ of (MMFFLP)
such that Θ({c˜t1x˜, . . . , c˜
t
rx˜})  Θ({c˜
t
1x˜
∗, . . . , c˜trx˜
∗}).
In order to get a more simple formulation of (MMFFLP), and in analogy to the crisp
problem, we include a new fuzzy variable θ˜ = (θ−, θˆ, θ+):
min θ˜(MMFFLP1)
s.t. c˜tj x˜ / θ˜,∀j = 1, . . . , r,(19)
A˜x˜
(

=
)
b˜,(20)
θ˜ ∈ T,(21)
x˜i ∈ T≥0.,∀i ∈ N,(22)
x˜i ≡ (xi, xi, xi) ∈ {0, 1},∀i ∈ Z.(23)
The following result states the relationwhip between the fuzzy optimal solutions of
(MMFFLP) and (MMFFLP1).
Theorem 2. Let x˜∗ be a feasible solution of (MMFFLP) and θ˜∗ = Θ({c˜t1x˜
∗, . . . , c˜trx˜
∗}).
Then, x˜∗ is a fuzzy optimal solution of (MMFFLP) if and only if (x˜∗, θ˜∗) is a fuzzy
optimal solution of (MMFFLP1).
Proof. Let x˜∗ a fuzzy optimal solution of (MMFFLP) and θ˜ = Θ({c˜t1x˜
∗, . . . , c˜trx˜
∗}).
Observe that by definition c˜tj x˜
∗ / θ˜∗ for all j = 1, . . . , r. Then, (19)–(23) are verified, so
(x˜∗, θ˜∗) is a feasible solution of (MMFFLP1). To show that (x˜∗, θ˜∗) is a fuzzy optimal
solution, let (x˜, θ˜) a feasible solution for (MMFFLP1). In particular, x˜ is a feasible
solution of (MMFFLP). Since x˜∗ is a fuzzy optimal solution of (MMFFLP), we have
that
(24) Θ({c˜t1x˜, . . . , c˜
t
rx˜}) 6 Θ({c˜
t
1x˜
∗, . . . , c˜trx˜
∗}) / θ˜∗.
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Since (x˜, θ˜) verifies (19), we get that θ˜ ∈ U({c˜t1x˜, . . . , c˜
t
rx˜}). Then, by Proposition 2
we have that Θ({c˜t1x˜, . . . , c˜
t
rx˜})  θ˜. which combined with (24) implies that θ˜ 6 θ˜
∗.
Thus, (x˜∗, θ˜∗) is a fuzzy optimal solution of (MMFFLP1).
Let us now suppose that (x˜∗, θ˜∗) is a fuzzy optimal solution of (MMFFLP1). Then it
is not difficult to see that x˜∗ is feasible for (MMFFLP1). Let x˜ be a feasible solution of
(MMFFLP) with θ˜ = Θ({c˜t1x˜, . . . , c˜
t
rx˜})Θ({c˜
t
1x˜
∗, . . . , c˜trx˜
∗}).
Clearly, (x˜, θ˜) is a feasible solution of (MMFFLP1). Since (x˜, θ˜) verifies (19), Θ({c˜t1x˜, . . . , c˜
t
rx˜}) 
θ˜∗, and then θ˜ / θ˜∗. Thus, θ˜  θ˜∗ which implies that (x˜∗, θ˜∗) is not a fuzzy optimal
solution of (MMFFLP1), which contradicts the hyphotesis.
To finish the proof, let us check that Θ({c˜t1x˜
∗, . . . , c˜trx˜
∗}) = θ˜∗. Since Θ({c˜t1x˜
∗, . . . , c˜trx˜
∗}) /
θ˜, let us assume that Θ({c˜t1x˜
∗, . . . , c˜trx˜
∗}) 6= θ˜, that is Θ({c˜t1x˜
∗, . . . , c˜trx˜
∗})  θ˜. Define
θ˜∗∗ = Θ({c˜t1x˜
∗, . . . , c˜trx˜
∗}). Then, (x˜∗, θ˜∗∗) is a feasible solution of (MMFFLP1) which
dominates (x˜∗, θ˜∗), contradicting its optimality. 
4. A multiobjective reformulation for FFLPP
In the previous section we state the equivalence between two formulations of fully
fuzzy minimax mixed integer programming problem, (MMFFLP) and (MMFFLP1).
The main advantage of (MMFFLP1) is that it can be equivalently rewritten as a three-
objective crisp mixed integer programming problem using the arithmetic of triangular
fuzzy numbers. In what follows, we describe such a crisp formulation and derive some
properties about it.
First let us recall some basic definitions on multiobjective optimization. Let us con-
sider the following vector optimization problem:
v −minf(x) = (f1(x), . . . , fr(x))
s.t. x ∈ X ⊂ Rn.
where fj : X → R are certain functions and where v −min (from vector minimization)
means that the goal is to find the minimal elements with respect to the componentwise
order in Rr. A feasible solution x∗ ∈ X is said to be an efficient solution of the above
problem if there not exists x ∈ X such that fj(x
∗) ≤ fj(x) for j = 1, . . . , r with
fj(x
∗) < fj(x) for some j ∈ {1, . . . , r}.
Theorem 3. Let (x˜ ≡ (x−, xˆ, x+), θ˜ ≡ (θ−, θˆ, θ+)) a fuzzy optimal solution of (MMFFLP1).
Then,
(
(x−, xˆ, x+), (θ−, θˆ, θ+)
)
∈ Rn×3 × R3 is an efficient solution of the following
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three-objective mixed integer programming problem:
v −min (θ−, θˆ, θ+)(VMMLP)
s.t.
n∑
i=1
(c˜jix˜i)
− ≤ θ−,∀j = 1, . . . , r,(25)
n∑
i=1
̂˜cjix˜i ≤ θˆ,∀j = 1, . . . , r,(26)
n∑
i=1
(c˜jix˜i)
+ ≤ θ+,∀j = 1, . . . , r,(27)
n∑
i=1
(a˜jix˜i)
−
(

=
)
b̂j,∀j = 1, . . . ,m,(28)
n∑
i=1
̂˜ajix˜i
(

=
)
b−j ,∀j = 1, . . . ,m,(29)
n∑
i=1
(a˜jix˜i)
+
(

=
)
b+j ,∀j = 1, . . . ,m,(30)
θ− − θˆ ≤ 0,(31)
θˆ − θ+ ≤ 0,(32)
(c˜jix˜i)
− − ̂˜cjix˜i ≤ 0,∀i = 1, . . . , n, j = 1, . . . , r,(33) ̂˜cjix˜i − (c˜jix˜i)+ ≤ 0,∀i = 1, . . . , n, j = 1, . . . , r,(34)
x−i − xˆi ≤ 0,∀i ∈ N,(35)
xˆi − x
+
i ≤ 0,∀i ∈ N,(36)
x−i ≥ 0,∀i ∈ N,(37)
x−i = xˆi = x
+
i ∈ {0, 1},∀i ∈ Z.(38)
Furthermore, any efficient solution of (VMMLP) induces a fuzzy optimal solution of
(MMFFLP1).
Proof. The proof follows by applying the arithmetic of triangular fuzzy numbers and the
relations stated in Theorem 1. Constraints (25)–(27) ensure the correct representation
of the minimal upper bound fuzzy number. Constraints (28)–(30) are the original con-
straints of our fuzzy mixed integer programming problem when applied to the extremes
of the triangular fuzzy numbers. With constraints (31) and (32), (33) and (34), and (35)
and (36), we assure the adequate representation of the triangular fuzzy numbers θ˜, c˜tjx
for all j = 1, . . . , r, and x˜, respectively. 
Observe that the multiobjective problem above involves the three components of the
triangular fuzzy number that result from multiplying two triangular fuzzy number and
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that by Lemma 1 its crisp expression depends on the signs of the extremes of the fuzzy
numbers in c˜ (recall that x˜ are assumed to be nonnegative fuzzy numbers).
There exist several methods to generate efficient solutions of (VMMLP) (see, for in-
stance, [3, 5]). Most popular methods are based on scalarization. In this regard, Ehrgott
[17] discussed the requirements of scalarizations to be used to get efficient solutions in
multiobjective integer programs with linear objectives. One apply the weighted sum
method, the ǫ-constrained method, Benson’s method, the augmented weighted Cheby-
shev mehtod or the weighted max-ordering method. All of them are either not able to
generate all efficient solutions or might be extremely hard. In fact, Ehrgott [17] pointed
out that they all are NP-hard, in general. To find all efficient solutions, he proposed
the method of elastic constraints as a combination of good features of the weighted sum
method and the ǫ-constrained method. To a similar matter, recently, Kirlik and Sayin
[36] has used two-stage formulations to avoid weakly efficient solutions as opposed to
lexicographic optimization [7] employed by Laumanns et al. [38]. Kirlik and Sayin [36]
has proposed a two-stage ǫ-constrained method, in such a way that all efficient solutions
can be found for a multiobjective integer program.
5. Fuzzy Capacitated Center Facility Location Problem
In this section we apply the above framework to a classical problem in Location
Analysis: the capacitated center facility location problem (CCFLP). We are given a set
of customers I = {1, . . . , n} and a set of potential facilities J = {1, . . . ,m}. We are
also given a set of allocation costs. For i ∈ I and j ∈ J , cij is the cost of allocating
i to j. Each customer i is assumed to have a demand di while each potential facility
j ∈ J is assumed to have a limited capacity uj. A set-up cost is also considered for
each facility j ∈ J , fj.The goal is to find the set of potential facilities that must be open
by minimizing the maximum allocation cost as well as the overall sum of set-up costs
for the open facilities. The CCFLP is particularly important in emergency situation
because a risk-averse decision on the response time to customers is desired. The center
(or minimax) facility location problems have been analyzed by different authors, using
different techniques and have been applied to different problem (see [45]). However,
facility location problems has only been partially studied under a fuzzy environment
(see [49]).
We use the decision variables yj =
{
1 if facility j is open,
0 otherwise
and xij as the amount
of demand of customer i served from facility j, for i ∈ I and j ∈ J . The problem is
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usually formulated as follows:
min max
i=1,...,n


∑
j∈J
cijxij

+
∑
j∈J
fjyj(39)
s.t.
∑
j∈J
xij = di,∀i ∈ I,(40)
∑
i∈I
xij ≤ ujyj,∀j ∈ J,(41)
xij ≥ 0,∀i ∈ I, j ∈ J,
yj ∈ {0, 1},∀j ∈ J.
Observe that (39) is the minimax objective function which tries to find the minimum of
ther maximum allocation costs between customers and open facilities. Constraints (40)
assure that the whole demand of each customer is filled. Constraints (41) ensures that
in case the j-th facility of open, the capacity of such a facility is not overloaded.
Let us now consider the fuzzy version of the above problem. Let c˜ ∈ Tn×m≥0 , d˜ ∈ T
n
≥0,
u˜ ∈ Tm≥0 and f˜ ∈ T
m
≥0 the matrix of allocation cost triangular fuzzy numbers, the fuzzy
demands, the fuzzy capacities and the fuzzy set-up costs. Let us also consider that
the fraction of demand of each customer served by each facility is a fuzzy number. To
be realistic, constraint (40) is consider as a crisp constraints assuring that the overall
demand of each customer is satisfied. With this notation, the fully fuzzy version of the
capacitated center location problem is:
min Θ

∑
j∈J
c˜1j x˜1j , . . . ,
∑
j∈J
c˜nj x˜nj

+∑
j∈J
f˜jyj
s.t.
∑
j∈J
x˜ij = d˜i,∀i ∈ I,
∑
i∈I
x˜ij / u˜jyj,∀j ∈ J,
x˜ij ' 0,∀i ∈ I, j ∈ J,
yj ∈ {0, 1},∀j ∈ J.
Note that the above problem although not written in the form of the fuzzy minimax
problem (6)–(9) because its objective function. However, it can be adequately rewritten
in the standard form since:
Θ

∑
j∈J
c˜1j x˜1j , . . . ,
∑
j∈J
c˜nj x˜nj

+∑
j∈J
f˜jyj = Θ

∑
j∈J
c˜1j x˜1j +
∑
j∈J
f˜jyj, . . . ,
∑
j∈J
c˜nj x˜nj +
∑
j∈J
f˜jyj


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By Theorem 3, the above problem can be equivalently rewritten as the following
three-objective mixed integer programming problem:
v −min (θ−, θˆ, θ+)
s.t.
∑
j∈J
c−ijx
−
ij +
∑
j∈J
f−j yj ≤ θ
−,∀i ∈ I,
∑
j∈J
cˆijxˆij +
∑
j∈J
fˆjyj ≤ θˆ,∀i ∈ I,
∑
j∈J
c+ijx
+
ij +
∑
j∈J
f+j yj ≤ θ
+,∀i ∈ I,
∑
j∈J
x−ij = d
−
i ,∀i ∈ I,
∑
j∈J
xˆij = dˆi,∀i ∈ I,
∑
j∈J
x+ij = d
+
i ,∀i ∈ I,
∑
i∈I
d−i x
−
ij ≤ u
−
j yj,∀j ∈ J,∑
i∈I
dˆixˆij ≤ uˆjyj,∀j ∈ J,
∑
i∈I
d+i x
+
ij ≤ u
+
j yj,∀j ∈ J,
θ− ≤ θˆ ≤ θ+,
c−ijx
−
ij − cˆij xˆij ≤ 0,∀i ∈ I, j ∈ J,
cˆij xˆij − c
+
ijx
+
ij ≤ 0,∀i ∈ I, j ∈ J,
x−ij − xˆi ≤ 0,∀i ∈ I, j ∈ J,
xˆij − x
+
i ≤ 0,∀i ∈ I, j ∈ J,
x−ij ≥ 0,∀i ∈ I, j ∈ J,
yj ∈ {0, 1},∀j ∈ J.
Observe that in this case all the triangular fuzzy numbers are assumed to be nonneg-
ative, and then the multiplication rule is easily derived.
Example 1. Let us consider the randomly generated fuzzy triangular fuzzy numbers
given in Table 1 for the demands, capacities and set-up costs of the 6 customers (which
also act as potential facilities) drawn in Figure 3. The transportation costs are shown
in Table 2.
The crisp solution of the minmax capacitated location problem using the center values
of the demands (dˆ), capacities (uˆ), set-up costs (fˆ) and allocation costs (cˆ), we get the
solution drawn in Figure 4 where the black filled nodes indicate open facilities, lines
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1
23
4
5 6
Figure 3. Demand and Potential facility points of Example 1.
Parameters Values
d− [1.11, 0.28, 42.15, 18.63, 3.06, 12.30]
dˆ [23.00, 33.00, 46.00, 20.00, 20.00, 37.00]
d+ [23.53, 37.32, 50.90, 28.63, 22.15, 42.10]
u− [8.78, 5.72, 53.69, 90.14, 5.75, 44.22]
uˆ [66.00, 41.50, 74.25, 113.25, 34.25, 90.50]
u+ [69.66, 45.43, 98.63, 146.76, 49.13, 122.92]
f− [358.73, 271.28, 288.22, 448.31, 491.00, 0.44]
fˆ− [433.00, 524.00, 561.00, 691.00, 520.00, 487.00]
f+ [437.51, 1019.19, 1003.98, 893.36, 769.90, 535.55]
Table 1. Fuzzy demands, capacities and set-up costs of Example 1.
c− cˆ c+
0.00 27.41 41.62 73.96 42.16 34.28 0.00 43.30 66.14 100.00 66.14 43.30 0.00 44.67 77.96 103.33 92.50 44.58
39.58 0.00 20.23 40.64 34.67 39.79 43.30 0.00 25.00 66.14 50.00 43.30 49.30 0.00 27.50 81.65 50.25 53.08
62.95 21.40 0.00 32.50 29.51 47.40 66.14 25.00 0.00 43.30 43.30 50.00 79.96 34.74 0.00 44.81 55.32 55.99
97.10 52.82 39.56 0.00 27.13 41.70 100.00 66.14 43.30 0.00 43.30 66.14 107.10 79.37 45.14 0.00 56.90 72.44
59.61 40.01 36.93 26.23 0.00 21.90 66.14 50.00 43.30 43.30 0.00 25.00 82.13 53.13 53.93 56.68 0.00 33.60
35.92 39.17 43.94 49.19 21.47 0.00 43.30 43.30 50.00 66.14 25.00 0.00 58.58 48.03 53.65 70.17 33.47 0.00
Table 2. Allocation costs of Example 1.
connecting customers and facilities when a nonzero demand is served to the customer by
the facility and the number over the line is such a demand.
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1
23
4
5 6
23
28.18
4.81
0.06
14.15
5.68
Figure 4. Crisp solution for Example 1.
Using Gurobi, we generate some fuzzy solutions for the fuzzy version of the problem,
by using hierarchical methods (see [23]). Some of them are drawn in Figure 5.
1
23
4
5 6
(0.28, 17.66, 17.66)
(0, 15.33, 19.65)
(11.54, 12.91, 21.53)
(7.08, 7.08.7.08)
(3.06, 19.99, 22.15)
(a) θ˜∗ = (1399.70, 2629.27, 3463.01).
1
23
4
5 6
(0.01, 15.34, 19.66)
(0.27, 17.65, 17.65)
(11.54, 12.91, 21.53)
(7.09, 7.09.7.09)
(3.06, 4.71, 6.86)
(0, 15.28, 15.28)
(b) θ˜∗ = (1399.70, 2629.27, 3463.01).
4
23
1
5 6
(0, 28.23, 32.55)
(0.28, 4.74, 4.74)
(0.02, 1.60, 3.75)
(3.04, 18.39, 18.39)
(1.10, 23, 23.52)
(c) θ˜∗ = (804.08, 2734.90, 3580.96).
1
23
4
5 6
(0, 14.75, 14.75)
(0.28, 18.24, 22.56)
(10.01, 10.01, 18.62)
(8.63, 10, 10)
(3.06, 20, 22.15)
(d) θ˜∗ = (1403.01, 2575.95, 3542.52).
Figure 5. Some fuzzy solutions of Example 1.
The first observation after solving the crisp and the fuzzy versions of the problems
is that the shapes of the obtained networks when some kind of imprecision is assumed
may be different from the crisp solutions. Actually, the amounts of demands served for
each customer by each open facility in the fuzzy case are, in most of the cases, not crisp
amounts but pure triangular fuzzy numbers. Also, observe that the solutions drawn in
figures 5.(a) and 5.(b) have the same values for the θ˜∗ because of the minimax objectives
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which only account for the maximal cost, which serves as an upper bound for the rest of
the costs.
6. Conclusions
In this paper we analyze a fully fuzzy version of minimax mixed integer linear program-
ming problems. We extend the minimax objective my means of defining the maximal
upper bound of a set of fuzzy numbers. With such a notion, we formulate minimax fuzzy
mixed integer programming problems in which all the parameters and continuous vari-
ables are triangular fuzzy numbers. We provide two equivalent fuzzy formulations for the
problem and state that solving them is also equivalent of solving a three-objective mixed
integer programming problem. Finally, we apply the proposed approach to a well-known
problem in Locational Analysis: the capacitated center facility location problem.
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